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OnedimensionalDVRs.

² Herearetwo functionsfrom a DVR setbasedon the ¯rst 10har-

monicoscillatoreigenstates.ThetenDVR functionsareorthonormal

andinterpolateover the grid points f x®g.

² DVR make usefulexpansionsetsbecausethe potential energyma-

trix is easyto evaluateand the DVR setmay be truncatedat grid

points wherethe desiredwavefunctionsaresmall.

² Caveat: DVR functionsmake good basissetsonly if they spana

sub-Hilbert spacewith awellunderstood semiclassicalinterpretation.

The DVR setbelow is not very useful.





De¯nition andperspectives.

Let S be the linear spanof N functions,and f x®g be a set of

N points. We say the pair (S; f x®g) is a DVR set if S containsan

orthonormalbasisÃ® which satis¯esÃ®(x¯ ) = k®±®¯ , wherek® > 0:

Herearetwo basisindependent perspectives:

1. Projecteddelta functions.

Let P be the projector onto S. Then (S; f x®g) is a DVR set if

the projecteddelta functionsj¢ ®i = Pjx®i sharethe interpolation

property, i.e. the matrix hx®jPjx¯ i is diagonalandnon-singular.

2. Quadrature.

Let Q(f ; g) =
P

® w®f (x®)¤g(x®). Then(S; f x®g) is a DVR set

if thereexistweights w® such that Q(f ; g) = hf jgi for all f ; g 2 S,

or in words,if thereis a quadratureruleQ over the points x® which

is the scalarproduct on S.

Herewe adoptthe secondperspective.



DVRs andGaussianquadrature.

One dimensionalDVRs can be understood from the theory of

Gaussianquadrature. In Gaussianquadratures,one varies the

grid points x® and the weights w® to obtain a quadraturerule
P

® w®f (x®) which givesexact integralsfor a set of polynomials.

In 1D, onecan¯nd such a formula valid for the ¯rst 2N polynomi-

als,soQ(f ; g) equalsthe scalarproduct whenthe degreesof f and

g don't exceedN . Then, accordingto the quadratureperspective,

we have a DVR set.

On the two-sphereS2, the sameapproach fails. The bestquadra-

ture formula is not powerful enoughto give a DVR over the ¯rst N

sphericalharmonics.The obstructionto DVRs seemsto be funda-

mental; it canbeunderstood by estimatingthenumberofquadrature

equationsthat canbe solvedusingthe 3N parametersx®, w®.



DVRs from an incompletequadratureformula

Starting with a completeset of functionsf f i ; i = 1; : : : : ; 1g ,

we may developa Gaussianquadraturerule that givesexactscalar

productson the spanSq of the ¯rst M functions,i.e. Q(f i ; f j ) =

hf i jf j i wheni; j · M . UsuallyM is lessthan N . We now ask: Is

it possibleto supplement Sq with (N ¡ M ) extra functionsdrawn

from the complement ¹Sq of Sq sothat the enlargedsetof functions,

togetherwith the grid points, is a DVR set?

The answer is YES.Our constructionis a seriesof basischanges

in ¹Sq that turns the ¯rst N £ N block of the quadraturematrix

Qij = Q(f i ; f j ) into the identit y matrix. The initial quadrature

matrix lookssomethinglike:0
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We¯rst ¯nd functionsin ¹Sq that arequadratureorthogonalto Sq.

Qij assumesthe form:0
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Wethrow away the redstates.Next wediagonalizeB. Generally,

the newdiagonalB hasexactlyN ¡ M non-zeroeigenvalues.0
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If all the non-zeroeigenvaluesof B aregreaterthan one,thenthis

DVR set can be completed. We form special linear combinations

of B 's functionswith quadraturenorm > 1 and thosewith zero

quadraturenorm. For example,if f i hasQ(f i ; f i ) = qi and f j has

Q(f j ; f j ) = 0, thenwe may addto the DVR setthe function
r

1

qi

f i +

r

1 ¡
1

qi

f j:



Quality of this DVR set

We just describeda DVR set in which S is the direct sumof Sq

anda \junk" spaceSj drawn (rather haphazadly)from ¹Sq.

Not all DVR setsare useful. The spaceS must have a semi-

classicalinterpretation.Here,Sq hassemiclassicalmeaning,but the

supplementary spaceSj doesnot. It this a problem?

It appearsso. In 1-D DVR practice,oneevaluatesthe potential

energymatrix by the quadraturerule. (In this approximation, the

matrix is diagonaland trivial to evaluate.) Matrix element wise,

the approximation isn't very good. In the original spectral basis,

the approximationlooksmuch better, andthis justi¯es the method.

However, matrix elements involving the highestenergybasisstates

in S may be quitewrong.This error leadsto spuriouseigenvalues.

The problemariseswhenthe product V(x)f (x) is not well con-

tained in S. This will almostcertainly be true for f 2 Sj . We

expectN ¡ M spuriouseigenvalues.



Kinetic energytrick

In the quadratureapproximation, potential energymatrix ele-

ments involving the junk functionsin Sj are usuallyquite wrong.

This leadsto an intractible number of incorrecteigenvaluesthat

contaminatethe true spectrum.

We can remove theseeigenvaluesby modifying the kinetic en-

ergy operator. Let Pq and Pj be the projectorsonto Sq and Sj ,

respectively. We modify the kineticenergyK as

K ! K Pq + ®Pj :

Here® is a constant energygreaterthan that of the desiredspec-

trum. The modi¯ed kineticenergyis unchangedon the usefulspace

Sq, but it forcesany stateoverlappingSj to have an energyabove

the realspectrum.

We notethat it is possibleto evaluatethe matrix elements of the

newK in theDVR basiswithout knowing anything about the junk

states Sj .



Groupinvariant Gaussianquadratureson S2

TheGaussianquadraturesproblemisasystemofnon-linearequa-

tionsin theN points x® andweights w®, andsolutionsmustbefound

numerically. Developinga powerful quadratureis computationally

intensive.

Grouptheorycanreducethe workload.Let G be a discretesub-

groupofSO(3) with º G elements. A quadratureformulaQ issaidto

beG-invariant if the grid points x ig arethe G orbit of a setof initial

points x i andthe weights areconstant on each orbit (wig = wi ).

If Q is a G-invariant quadratureformula, then the Gaussian

quadratureproblemrequiresonly that the quadraturerule give the

correct integral for the G-invariant symmetryadaptedharmonics.

This reducesthenumberof equationsby a factorof º G. Wehavede-

velopedicosahedrallyinvariant quadratureformulaswith up to 4200

points.
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