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OnedimensionaDVRSs.

M/\ .

2Herearetwo functionsfrom a DVR setbasedon the rst 10 har-
monicoscillatoreigenstatesTheten DVR functionsareorthonormal
andinterpolateover the grid points f X Q.

2 DVR male usefulexpansiorsetsbecausé¢he potertial energyma-
trix is easyto ewaluateandthe DVR setmay be truncatedat grid
points wherethe desiredvavefunctionsaresmall.

2 Caveat: DVR functionsmake good basissetsonly if they spana
sub-Hilkert spacevith awellunderstad semiclassicaiterpretation.

The DVR setbelav is not very useful.







De nition and perspectives.

Let S be the linear spanof N functions,and f Xxeg be a set of
N points. We sag the pair (S;f xgg) isa DVR setif S cortainsan
orthonormabasishg Whidh satis esAg(X-) = Kete, Wherekg > O:

Herearetwo basisindependen persgectives:

1. Projecteddeltafunctions.

Let P bethe projectorono S. Then (S;fxgQ) is a DVR setif
the projecteddeltafunctionsj¢ i = Pjxel Sharethe interpolation

property, i.e. the matrix hXgjPjx-i is diagonalandnon-singular.

2. Quadrature.

Let Q(f ;g) = P oWef (Xe) 0(Xe). Then(S;fxeg) isa DVR set
if thereexistweighs wg sud that Q(f;g) = hf jgi forallf;g2 S,
or in words,if thereis a quadraturerule Q over the points xg whid
IS the scalarproduct on S.

Herewe adoptthe secongersectie.



DVRs and Gaussiamuadrature.

One dimensionaDVRs can be understed from the theory of
Gaussianquadrature. In Gaussianquadratures,one varies the
grid points X and the weighs we to obtain a quadraturerule

oWef (X@) Whith givesexactintegralsfor a set of polynomials.
In 1D, onecan nd sud a fornula valid for the rst 2N polynomi-
als,soQ(f ; g) equalghe scalarproduct whenthe degreesff and
g don't exceed\ . Then, accordingo the quadratureperspective,

we have a DVR set.

On the two-spheré&?, the sameapproah fails. The bestquadra-
ture fornula is not powerful enoughto give a DVR overthe rst N
sphericaharmonics.The obstructionto DVRs seemdo be funda-
menal; it canbeunderstad by estimatinghe numberofquadrature

equationghat canbe sohedusingthe 3N parameterxe, We.



DVRs from an incompletequadraturefornula

we may dewelopa Gaussiarguadraturerule that givesexactscalar
productson the spanS, of the rst M functions,i.e. Q(f;;f;) =

ifijf;i wheni;j - M. UsuallyM islessthan N. We now ask:Is
it possibleto supplemenS, with (N j M) extrafunctionsdrawn
from the complemen$, of S, sothat the enlargedsetof functions,

togetherwith the grid poirts, is a DVR set?

The ansveris YES. Our constructions a serieof basischanges
in 3, that turns the Tst N £ N block of the quadraturematrix
Qi = Q(fi;f;) into the idertity matrix. The initial quadrature
matrix lookssomethingike:
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We Tst "nd functionsin S, that arequadratureorthogonato Sy

Q; assumethe forrp 1
Imem O A
O BC
AY CYD

We throw away the red states.Nextwe diagonalizé&3 . Generally

the newdiagonalB haaaxactlyN i M rlon-zermigenalues.
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If all the non-zereigenaluesof B aregreaterthan one,thenthis
DVR set can be completed. We form specialllinear conbinations
of B's functionswith quadraturenorm > 1 and thosewith zero
quadraturenorm. For examplejf f; hasQ(fi;f;) = g andf; has

Q(fj;fj) = 0,thenwe may addto the DVR setthe function
r — I

1 1
— f s+ 1 — fj:
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Quality of this DVR set

We just descriled a DVR setin whidh S is the direct sumof S
anda\junk" spaces5; drawn (rather haphazadlyfrom éq.

Not all DVR setsare useful. The spaceS must have a semi-
classicainterpretation. Here,S, hassemiclassicaheaningput the
supplemetary spaceS; doesnot. It this a problem?

It appearsso. In 1-D DVR practice,onee\aluatesthe potential
energymatrix by the quadraturerule. (In this apprximation, the
matrix is diagonaland trivial to ewaluate.) Matrix elemeh wise,
the apprximation isn't very good. In the original spectral basis,
the apprximationlooksmudh better, andthis justi esthe methal.
Howeer, matrix elemets involving the highestenergybasisstates
in S may be quite wrong. This errorleadsto spuriousigenalues.

The problemariseswhenthe product V (x)f (x) is not well con-
tainedin S. This will almostcertainly be true for f 2 S;. We

expectN | M spuriouseigenalues.



Kinetic energytrick

In the quadratureappraimation, potertial energymatrix ele-
merts involving the junk functionsin S; are usually quite wrong.
This leadsto an intractible number of incorrecteigenaluesthat
cortaminatethe true spectrum.

We canreme theseeigenaluesby modifying the kinetic en-
ergy operator. Let Py and P; be the projectorsorto Sy and S,

respectively We madify the kineticenergyK as
K! KPgq+ ®P;:

Here® is a constah energygreaterthan that of the desiredspec-
trum. The madi ed kinetic energyis unchangedn the usefulspace
Sy, but it forcesary state overlappingS; to have an energyabove
the realspectrum.

We notethat it is possibldo ewvaluatethe matrix elemets of the
newK in the DVR basiswithout knowing anything about the junk

states §.



Groupinvariart Gaussiargquadratureon S?

The Gaussiamuadratureproblemis a systenof non-linearequa-
tionsintheN poirts Xg andweighs wg, andsolutionamustbefound
numerically Dewelopinga powerful quadratureis computationally
intensie.

Grouptheorycanreducethe workload. Let G be a discretesub-
groupof SO(3) with °g elemets. A quadraturdornmula Q is saidto
be G-invariart if the grid poirts Xig arethe G orbit of a setof initial
poirts x; andthe weighs areconstah on ead orbit (wig = w;).

If Q is a G-invariart quadratureformula, then the Gaussian
guadratureproblemrequiresonly that the quadraturerule give the
correctintegral for the G-invariart symmetryadaptedharmonics.
Thisreduceshe number of equationdy a factorof®s. We havede-
velopedicosahedrallynvariart quadraturefornulaswith up to 4200

points.
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